Using two dimensional (2D) N = 4 sigma model, with U (1) r gauge symmetry, and introducing the ADE Cartan matrices as gauge matrix charges, we build " toric" hyperKahler eight real dimensional manifolds X 8 . Dividing by one toric geometry circle action of X 8 manifolds, we present examples describing quotients X 7 = X 8 U (1) of G 2 holonomy. In particular, for the A r Cartan matrix, the quotient space is a cone on a S 2 bundle over r intersecting WCP 2
Introduction
M-theory is considered nowadays as the best candidate for the unification of the weak and strong coupling sectors of superstring models [1, 2, 3] . It is described, at low energies, by an eleven dimensional supergravity theory. The compactification of this theory on a seven real dimensional manifold X 7 of G 2 holonomy gives rise to an N = 1 models with four supercharges in four dimensions, i.e N = 1 D = 4 [4] [5] [6] [7] [8] [9] [10] [11] . In this regard, the four dimensional resulting physics models depend on geometric properties of X 7 . For instance, if X 7 is smooth, the low energy theory contains, in addition to N = 1 supergravity, only abelian gauge group and neutral chiral multiplets. However, non abelian gauge symmetries with chiral fermions can be obtained using singular manifold compactifications [10, 11] . Following [11] , a beautiful analysis for building singular spaces of G 2 holonomy is to consider the quotient of a conical hyper-Kahler eight manifolds X 8 by a U(1) symmetry group. This approach, which is called the unfolding of the singularity, guarantees the G 2 holonomy group of the quotient space
. A remarkable feature of this method, which may be related to two dimensional (2D) N = 4 sigma model Calabi-Yau fourfolds construction CY 4 = X 8 , is that the
solutions differ by what kind of U(1) symmetry is chosen and moreover the matter fields, in four dimensions, are obtained using similar techniques of the geometric engineering of quantum field theory [12] [13] [14] [15] .
The aim of this work is to contribute in this direction by considering models with N = 4 2D sigma model ADE Cartan matrix gauge charges for building X 8 manifolds. Actually, these examples go beyond of the first example studied in [11] , where the matrix charge of the hypermultiplets φ i , under U(1) r gauge symmetry, was
In this paper we want to present a new class of X 8 manifolds, which will be called toric-hyperKahler Calabi-Yau fourfolds (CY 4 ), in particular their quotients by a U(1) group symmetry.
Our way involves two steps:
First we introduce the ADE Cartan matrices as 2D N = 4 U(1) r linear sigma model matrix gauge charges. Second mimicking the analysis of [11] and using toric geometry circle actions, we discuss the construction of a new class of the quotients
of G 2 holonomy group. In particular, for the A r Cartan matrix, the quotient space is a cone on S 2 bundle over r intersecting WCP
2
(1,2,1) projective spaces according to the A r Dynkin geometry. The organization of this paper is as follows: In section 2, we give an overview on aspects of 2D N = 4 linear sigma model. Then we give examples illustrating the field theoretical construction of hyper-Kahler manifolds. In section 3, we introduce the ADE Cartan matrices as matrix gauge charges in the 2D N = 4 field theory construction of X 8 manifolds. For the A r Lie algebra, the moduli space of the classical theory is given by the cotangent bundle over r intersecting WPC 2 1,2,1 weighted projective spaces according to the A r Dynkin graph, extending the A r singularity of K3 surfaces described by N = 2 type IIA superstring sigma model. In section 4, we identify the U(1) symmetry group with the toric geometry circle actions of X 8 to present quotients
of G 2 holonomy. Our conclusion will be given in section 5.
N = 4 sigma model approach
In this section we review the main lines of the N = 4 sigma model approach for building the hyper-Kahler manifolds involved in the study of superstring, M-theory and F-theory, compactifications, Yang Mills small instantan singularities and more general in supersymmetric field theories with eight supercharges [16, 17] . with ADE singularities [13] . The latters are given by:
where r is the rank of the ADE Lie algebras and where q a i , up some details, the minus of the corresponding Cartan matrices satisfying the Calabi-Yau condition 
and replacing the Pauli matrices by their expressions, the identities (2.1) can be split as follows:
Note that these equations have similar features of the description of [16] leaving only half the supersymmetry of the gauge model. (2.2). The equations (2.6-7) mean that the φ 2 i 's define the cotangent fiber directions over the toric variety given by (2.8) . In what follows, we give two examples illustrating this analysis and reconsidering the example given in [11] . In the first example, we consider a 2D N = 4 U(1) linear sigma model with two hypermultiplets of a vector charge (1, −1). The D-flatness conditions of this model read as
Permuting the role of φ , the constraint equations (2.9-11) become
and describe a cotangent bundle over a CP 1 projective. In this way, the CP 1 is defined by the following equation:
Recall, in passing, that the cotangent bundle over CP 1 , which is known by the resolved A 1 singularity of K3 surfaces, is isomorphic to
and plays a crucial role in the study of the non perturbative limit of type II superstring dynamics in six and four dimensions [13, 14, 15] .
The second example we want to consider deals with the generalization of the first one. This concerns a 2D N = 4 U(1) r linear sigma model with (r +1) hypermultiplets of a matrix charge satisfying (1.1). Using the same procedure, the D-flatness conditions (2.1) become:
The solution of these equations describes the cotangent bundle over r intersecting complex curves CP 1 . In the limit when all ξ 3 a go to zero, the CP 1 's shrink and one ends with the A r singularity of local K3 surfaces. Note that this example has been used in [11] to construct seven real dimensional manifolds X 7 of G 2 holonomy group from the quotient of X 8 hyper-Kahler eight real dimensional manifolds by an U(1) group symmetry. These eight dimensional spaces are obtained using 2D N = 4 U(1) (r−1) linear sigma model with (r + 1) hypermultiplets, where the missing U(1) invariance is explored to get the quotient
of G 2 holonomy group [11] .
In what follows we want to give a new class of X 8 manifolds, which will be called toric-hyperKahler Calabi-Yau fourfolds (CY 4 = X 8 ) by introducing the ADE Cartan matrices instead of the gauge matrix charge given in equation (1.1).
Toric-Hyper-Kahler Calabi-Yau fourfolds
We start this section by recalling that complex Calabi-Yau manifolds are the best ingredients for obtaining semi-realistic models of superstrings/M/F-theory [18, 19, 20] , with minimal super-charges in lower dimensions. In particular, for later use, Calabi-Yau fourfolds, compact, non compact, singular or non-singular, are considered as ways for getting N = 1 supersymmetric models in four dimensions from the F-theory compactification [20, 21] . In general, they preserve 1 8 of initial supercharges of the theory like G 2 holonomy manifolds in M-theory compactification and have a SU(4) holonomy group including G 2 Lie group, (i.e SU(4) → G 2 × U(1)).
From these features, one may say that, seven real dimensional manifolds of G 2 holonomy group may be constructed from Calabi-Yau fourfolds geometries, in particular from their quotients by one finite circle, preserving the supercharges. In this present study, using similar ideas of [11] , we would like to discuss the construction of seven dimensional manifolds with G 2 holonomy group from Calabi-Yau fourfolds geometry physics data. But we will use a different way for getting the quotient. This study involves two steps. First we will introduce, in the field theoretical construction of Calabi-Yau fourfolds, the ADE Cartan matrices as 2D N = 4 linear sigma model matrix gauge charges. Second, mimicking the method of [11] and using toric geometry circle actions, we will discuss quotients (|φ
We first solve these equations for the simple example of U(1) gauge theory. Then we will give the result for the U(1) r gauge model. For r = 1, after permuting the role of φ 1 2 and φ 2 2 and making the previous field change, the above equations become
Taking ψ 1 = ψ 2 = ψ 3 = 0, one can see that the equation (3.5) describes a WCP 2 1,2,1 projective space defined by
where ξ 3 is a Kahler real parameter controlling the seize of WCP 2 1,2,1 . For generic value of ψ 1 , ψ 2 and ψ 3 , equations (3.5-7) define a cotangent bundle over WCP 2 1,2,1 . While for the U(1) r gauge theory, if we take the all ξ a 's are no zero, it not too difficult to see that equations (3.2-4) describe the cotangent bundle over r intersecting WCP 2 1,2,1 projective spaces. This means that the base geometry consists of r intersecting WCP 2 1,2,1 according to the A r Dynkin diagram. In the limit that some ξ a 's are zero, we obtain singular geometry. Actually, this geometry may be used to extend the intersecting CP 1 projective spaces of ALE spaces involved in the geometric engineering method of the quantum field theory [13, 14, 15] . We will conclude this section by noting that this analysis of A r Lie algebra may be extended to the others DE Lie algebras.
However, these algebras contain trivalent vertex Dynkin geometries which complicates the computation. Recall that the trivalent Dynkin geometry involves a central node intersecting three other nodes once; moreover this geometry has been used in the geometric engineering of quantum field theories, in particular in the introduction of fundamental matters in a chain of In what follows we would like to discuss the corresponding seven real dimensional manifolds of G 2 holonomy group. Similarly to the ideas of [11] , we should look for a U(1) group symmetry acting on X 8 . As mentioned before, there are many ways one may follow to choosing the U(1) group action of X 8 . In this regard, the solutions differ by what kind of U(1) symmetry is chosen. Two kinds of solutions are given in [11] . But here we will consider another way. The latter is inspired from the toric geometry circle actions.
On the quotient space
Having constructed toric-hyper-Kahler Calabi-Yau fourfolds X 8 associated to ADE Cartan matrices sigma model gauge charges. We are now in the position to carry out quotient spaces
of G 2 holonomy group using circle actions involved in toric varieties. Before doing this, let us tell some things about toric geometry. The letter is a powerful tool for studying ndimensional complex manifolds exhibiting toric circle actions U (1) n which allow to encode the geometric properties of the complex spaces in terms of simple combinatorial data of polytopes ∆ of the R n real space [22, 23, 24, 25] . The simple example of toric varieties is the complex plane C. The latter admits a U(1) toric action
which has a fixed point at z = 0. Thus the toric geometry of C can be viewed as a circle fibered on a half line parameterized by |z|. The circle, which determined by the action of θ, shrinks at z = 0. This realization can be generalized easily to C n space where we have a T n fibration, parameterized by the angular coordinates θ i , over a n-dimensional real base parameterized by |z i |. The second example we want to give is the CP 1 projective space. This space has also a U(1) toric action having two fixed points describing respectively north and south poles of the two sphere S 2 ∼ CP 1 . Thus the toric geometry of CP 1 is given by an interval fibered by S 1 with zero size at the endpoints of the interval. Using these ideas, the cotangent bundle over CP 1 can be also viewed as a toric space. In this way, we have two circle actions on this space. The first one is the one corresponding to the action on the CP 1 base space and the other circle acts on the fiber cotangent direction. Our next example will be the two complex dimensional projective space CP 2 . The latter has a U(1) 2 toric action exhibiting three fixed points defining a triangle in the R 2 real space. The toric geometry of this manifold is described by a triangle of R 2 fibered by a two real dimensional torus T 2 which degenerates to a S 1 circle on the three edges and shrinks to a point on the endpoints. The cotangent bundle over CP 2 is a 4-dimensional (eight real) local toric geometry, where we have two extra circle actions coming from the fiber cotangent directions. Note that this analysis is similar for the WCP 2 , in particular WCP
2
(1,2,1) , and can be extended easily to higher dimensional (weighted) projective spaces. In what follows we will consider the above toric geometry circle actions to identify the U(1) group symmetry of quotient spaces
. Let us consider the simple example of the U(1) gauge theory with three hypermultiplets. In this case the geometry X 8 can be viewed as C 2 bundle over a WCP 2 f iber act on the fiber cotangent directions. Next we want to divide by one finite circle toric geometry action for obtaining seven real manifolds. Mimicking the analysis of [11] and identifying the U (1) group symmetry of the quotient with one finite fiber circle action
we can obtain a 7-dimensional geometry. Since 2,1) . By compactifying the C complex plane, which can be done by adding a point at infinity, this space will be a R + × S 2 bundle over WCP
(1,2,1) . Similarly to [11] , this geometry is a cone on a S 2 bundle over WCP and so we have a Z 2 orbifold singularity at (z 1 , z 2 , z 3 ) = (0, z 2 , 0).
Conclusion
In this paper, we have contributed in the M-theory compactifications to four dimensions. This involves the compactification on seven manifolds of G 2 holonomy group, leading to N = 1 four dimensional supersymmetric models. In particular, we have constructed a new class of torichyper-Kahler eight manifolds giving G 2 holonomy spaces after dividing by one finite toric geometry circle action. This building has been proceeded in two steps. We have first introduced the ADE Cartan matrices as matrix gauge charges in the N = 4 2D field theoretical construction of toric-hyper-Kahler eight manifolds X 8 . In particular, the solution for the A r Lie algebra is described by the cotangent bundle over r intersecting WCP 2 1,2,1 weighted projective spaces according to the A r Dynkin diagram. Actually these spaces may extend the geometry of A r ALE space, described by 2D N = 2 type IIA superstring sigma model used in the geometric engineering method. Second we have used the toric geometry circle actions of X 8 to build quotients X 7 =
of G 2 holonomy group.
